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Decision Trees

A decision tree depicts rules for dividing data 
into groups. 
The first rule splits the entire data set into some 
number of pieces, and then another rule may be 
applied to a piece, forming a second generation 
of pieces. In general, a piece may be either split 
or left alone to form a final group. 



Decision Tree Example
• Should we offer a loan to a person?



Disadvantages of Decision Trees
• Over-fitting: They may fit the data well but then predict 

new data worse than having no model at all.
• Instability: They may fit the data well, predict well, and 

convey a good story, but then, if some of the original data 
are replaced with a fresh sample, a completely different 
tree may emerge using completely different inputs in the 
splitting rules and consequently conveying a completely 
different story.

• The problem of learning in optimal decision tree is known 
to be NP-complete under several aspects of optimality and 
even for simple concepts. Consequently, practical decision-
tree learning algorithms are based on heuristic algorithms 
which cannot guarantee to return the globally optimal 
decision tree.



Support vector machine (SVM)

• SVM is a discriminative classifier 
formally defined by a separating 
hyperplane

• SVM maximize the margin
around the separating 
hyperplane.

• The decision function is fully 
specified by a subset of training 
samples, the support vectors.



Support vector machine (SVM)
Advantages:
• Effective in high dimensional spaces.
• Still effective in cases where the number of dimensions is less  

than the number of alternatives.
• Uses a subset of training points in the decision function, so it is 

also memory efficient.
• Versatile: different functions can be specified for the decision 

function. 
Disadvantages:
• If the number of features is much greater than the number of 

alternatives, the method is likely to give poor performances.
• SVMs do not directly provide probability estimates, these are 

calculated using an expensive five-fold cross-validation.



Search Problem

Consider a finite set A of alternatives evaluated by n

criteria, i.e., the vector of criterial values (x1,…,xn) is

assigned to each alternative x from A

! ∈ # → (!&, … , !)).
The problem lies in constructing a transformation φ —

the rule of aggregation over A — such that φ:A → R&.



Choice (aggregation) procedures

• We know 5 groups of choice procedures
a) Scoring (positional) rules;
b) Rules, using majority relation;
c) Rules, using value function;
d) Rules, using tournament matrix;
e) q-Paretian rules.

• In total, about 30 procedures



An example
• Borda rule

! ∈ #, %& ∈ %, '&(!, %) = +,'-(.&(!))

However, this rule does not satisfy non-compensation 
principle.
• Simpson's Procedure (Maxmin Procedure)
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Complexity
• Borda rule

! " # $ + 1 , 
where n – number of alternatives, k – number of 
criteria.
• Simpson's Procedure (Maxmin Procedure)

! "' # ()' + 1) + " , 
where n – number of alternatives, k – number of 
criteria.



Super-threshold choice model
a formalization of H.Simon’s idea 

Aizerman M., Aleskerov F. Theory of Choice, Elsevier, 
North--Holland, 1995, ISBN 0 444 822100, 314 pp.

Super–threshold choice rule:

π"#: %ϵC X ⇔ (%ϵX & %, ≥ .(/)).

The main idea of the super-threshold superposition

approach is to consider the consistent application of

super-threshold procedures to different criteria in

order to find the best alternatives.



How to define V(X)

• Mean value:

! " = 1
" % &

'∈)
*(,)

Otherwise speaking, everything above average is
acceptable.
There are many other ways to define V(X).



Complexity of super-threshold rule

• Obviously, it is linear
• So, we can process huge amount of 

information 
• But, in the search problem the alternatives are 

evaluated via a set of criteria
• We need one more step



‘Classic’ Model
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Equivalent Models

• Theorem 1. Choice function is 
rationalizable as (1) iff WARP holds

• Theorem 2. Super-threshold choice is 
equivalent to (1)



Superposition of Choice Procedures
• The very idea of superposition of functions goes back to 

the 13th Hilbert’s problem on superposition of real-valued 
functions

• Answer was given by A.N.Kolmogorov and V.I.Arnold in 
1956

• I studied the problem in 1988-89 from different point of 
view – that of choice functions (Aizerman M., Aleskerov F. 
Theory of Choice, Elsevier, North--Holland, 1995, ISBN 0 444 822100, 
314 pp.)

• Next attempt was made in 2008 by Y.Cinar and myself 
(Aleskerov F., Cinar Y. ‘q-Pareto- scalar’ Two-stage Exstremization Model 
and its Reducibility to One-stage Model,’ Theory and Decision, 65, 2008, 
291-304) 



Formal statement of the problem 
of superposition of choice functions 

Initial criteria: !"($), !&($), …, !' $
Choice functions: (" $ , … , (' $

Superposition of choice functions:
( $ = ("((&(…('($)))



Two–Step Choice Mechanism

Depending on whether !" and !# are single–criterion 
or multi–criteria extremizational mechanisms,         
the following four cases occur:
1. scalar–scalar mechanism;
2. scalar–vector mechanism;
3. vector–scalar mechanism;
4. vector-vector mechanism.



Axioms
• Heritage condition (Condition H):

∀", "$ϵ2', "$⊆ " ⇒ *("$) ⊇ *(") ∩ "$;
• Concordance (Condition C):

∀"$, "$$ϵ2' → *("$ ∪ "$$) ⊇ *("$) ∩ *("$$);
• Independence of Outcast of options (Condition O):

∀", "$ϵ2', "$ ⊆ "\* " ⇒ * "\"$ = *(").
• Monotonicity condition

∀"ϵ2', 3ϵC P , ∀6, 6$:
(∀8, 9 ∈ ", 86;9 ⇔ 86;$9 & ∃? ∈ ", ?6;3 ⇒ 36;$?)
⇒ 3ϵC P$ .



Examples Of Two–Step Choice 
Mechanisms

1.  Maxmin Procedure – Borda Procedure
The rule does not satisfy Conditions H, C, O and 
Monotonicity condition.
2.  Borda Procedure – Maxmin Procedure
The rule does not satisfy Conditions H, C, O and 
satisfies Monotonicity condition.



Application: Types of search problem

1. Information about the utility of alternatives is not 
specified. In this case, the threshold values and 
the order of elimination are normally defined 
manually.

2. Information about the utility of some alternatives
is specified. The task is to choose items in a new, 
unseen list of alternatives. In this case the 
threshold level as well as the order of procedures 
should be defined automatically.



Super-threshold superposition
procedures 

Two methods of defining the order of elimination 

and threshold values are proposed:

1. Super-threshold etalon-based procedure,

2. Super-threshold procedure based on the 

distribution function.



The procedure is divided into two steps:
1) Selection of the etalon criterion:

φ∗
= {φ%ϵφ '

(
∀j, j ≠ i: max

2∈4∗
φ% x − min

2∈4∗
φ% x

≤ max
2∈4∗

φ8 x − min2∈4∗ φ8 x ,
where φ is the set of criteria, 9∗ is the set of the high-
utility alternatives, 9∗ ⊂ 9. 
2) Construction of the order of the eliminations
Computational complexity: O(; < = < log(=)), where n –
the number of alternatives, k – the number of criteria.

1. Super-threshold etalon-based 
procedure 



Two groups – alternatives with high utility value and all other alternatives.
Each group is presented by a set of distribution functions based on all 
criteria. 

Threshold value x*:
∆F = max'∈) |F+ , − F. , |,

where F+ x ,F. x are the values of distribution functions depending on x.
Computational complexity: O(0 1 (3 + 0)), where n – the number of 
alternatives, k – the number of criteria.

2. Super-threshold procedure based 
on the distribution function  



Application of super-threshold 
procedures to the search problem

• LETOR 4.0 collection was chosen (1175000
documents, 136 factors in the dataset);

• There were performed some procedures of data
analysis and clustering;

• The first method showed better result on small
dataset, the second demonstrated higher results

in the case with different choice rules.



Comparison with Support vector machine (SVM)

Test 1: Super-threshold etalon-based procedure distinguished 

relevant (4 and 3) documents from irrelevant

Test 2: Super-threshold etalon-based procedure distinguished 

documents with a relevance value of 4 and other objects. 

Test 3: Super-threshold procedure based on the distribution 

function distinguished relevant (4 and 3) documents from 

irrelevant.



Comparison with Support Vector Machine (SVM)
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• Superposition of super-threshold procedures are 
proposed to be used for the search problem with 
large number of alternatives characterized by a 
set of criteria.

• Two methods of defining the threshold and the 
elimination order in learning to rank problem are 
proposed. 

• Both procedures were tested on the LETOR 4.0 
dataset. The experiments showed that the goal to 
develop self-learning choice procedures for the 
choice of alternatives is achieved.

Conclusion
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S,Shvydun, V.Yakuba)

• Certificate Aleskerov F., Mitichkin E., Chistyakov V., Shvydun S., Iakuba V. Method for 
selecting valid variants in search and recommendation systems (variants), World Intellectual 
Property Organization, Patent Scope, Publication Number WO/2014/148948, International 
Application Number PCT/RU2013/001180, Publication Date 25.09.2014, International Filing 
Date 27.12.2013, 
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One more application

Superposition principle for tornado prediction

by Aleskerov F., Baiborodov N., Demin S.,
Richman M., Shvydun S., Trafalis T., Yakuba V.



Problem statement

Input data: parameters of a 
mesocyclone (83 features)

Goal: prediction of 
mesocyclone transformation 
into a tornado

Data: obtained from the 
University of Oklahoma

33



Data Preprocessing

• Cleansing data
– Missing data

– Incorrect data range

• Parameters’ correlation analysis

• Parameters’ distribution analysis

• Physical analysis of the parameters

34

Aleskerov F. T., Baiborodov N., Demin S. S., Richman M., Shvydun S. V., Trafalis T., 
Yakuba V. I., 2016: Constructing an efficient machine learning model for tornado 

prediction. Moscow: Higher School of Economics Publishing House. – 24 p. 
WP7/2016/05



Used methods

• Process simulation using dynamic models 
based on differential equations

• Smart data analysis
– Support Vector Machine (SVM)
– Logistic regression (LR)
– Random forest (RANF)
– Rotation forest (ROTF)

35



Decision tree with parameters 
mixtures

36



Measures of the model efficiency
• Probability of Detection

!"# = %&
%& + ()

• False Alarm Ratio

*+, = (&
%& + (&

• Critical Success Index

CSI = %&
%& + (& + ()

%& – true tornado forecast, (& – false tornado forecast,
() – false no-tornado forecast

37



Results
Method POD FAR CSI

SVM 0,68 0,22 0,57

Logistic Regression 0,7 0,25 0,57

Random Forest 0,58 0,17 0,51

Rotation Forest 0,61 0,21 0,53

Decision tree
with parameters mixtures 0,68 0,16 0,61

38



Conclusion

Created model exceeds all previous versions by 
at least 4% (in terms of CSI).

This increase in efficiency prediction is a 
significant improvement for practical use, 
according to the meteorologists.

39
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Thank you!



Well-Known Algorithms 
• AID, SEARCH 
AID finds binary splits on ordinal and nominal inputs that most 
reduce the sum of squares of an interval target from its mean. 
The program stops when the reduction in sum of squares is less 
than some constant times the overall sum of squares (the 
constant is 0.006 by default).
• CHAID (Chi-Squared Automatic Interaction Detection)
CHAID recursively partitions the data with a nominal target 
using multiway splits on nominal and ordinal inputs. A split 
must achieve a threshold level of significance in a chi-square 
test of independence between the nominal target values and 
the branches, or else the node is not split. The search ends 
when no more merges or re-splits are significant.



Well-Known Algorithms 
• Classification and Regression Trees 

o The program creates binary splits on nominal or interval inputs 
for a nominal, ordinal, or interval target.

o An exhaustive search is made for the split that maximizes the 
splitting measure:
§ For an interval target - reduction in square error or mean absolute 

deviation from the median. 
§ For an ordinal target - "ordered twoing” (modification of towing index). 
§ For a nominal target - reduction in the Gini index and "twoing.”

o Stopping rule - cost-complexity pruning: a large tree is created, 
then a subtree is found, then another sub-tree within the first, 
and so on forming a sequence of nested sub-trees, the smallest 
consisting only of the root node. A subtree in the sequence has 
the smallest overall cost among all sub-trees with the same 
number of leaves. The final pruned tree is selected from subtrees
in the sequence using the costs estimated from an independent 
validation data set or cross validation.



Well-Known Algorithms 
• ID3, C4.5, C5 

o The split is chosen that maximizes the gain ratio: 

!"#$ %"&#' = %)*+,&#'$ #$ )$&%'-.
)$&%'-. '/ 0-1#&

o Stopping rule - "pessimistic" pruning. In each node, an upper 
confidence limit of the number of misclassified data is estimated 
assuming a binomial distribution around the observed number 
misclassified. The confidence limit serves as an estimate of the 
error rate on future data. The pruned tree minimizes the sum over 
leaves of upper confidences. 

• QUEST
o This algorithm selects an input variable to split on before searching 

for a split, thereby eliminating the time required for searching on 
most inputs and eliminating the bias towards nominal inputs 
inherent when relying on candidate splitting rules to select the 
input variable.



Well-Known Algorithms 
• OC1 (Oblique Classifier 1)
Choose an initial linear combination at random. Apply a 
heuristic hill-climbing algorithm to find a local optimum. 
Make a random change or a random restart and climb again.
• SAS algorithms 

o Splits can be evaluated as a reduction in impurity (least 
squares, Gini index, or entropy) or as a test of significance 
(chi-square test or F test).

o The user specifies the maximum number of branches from a 
split, thus allowing binary trees, bushy trees, or anything in 
between. 

o The limited search on an input begins with a split into many 
branches and then proceeds in steps of merging pairs of 
branches. 

o The heuristic search also considers switching input values 
between branches after every merge, thereby examining 
many more candidates than just merging.



Process simulation using dynamic 
models based on differential equations

Advantages:
• Understanding of the process of tornado 

formation
Disadvantages:
• Large number of assumptions in model
• Great amount of time and computational 

resources required for calculation
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Support vector machine (SVM)

• Classification of elements 
by separation by 
hyperplanes
• For higher classification 

accuracy, the margin is 
maximized

Adrianto I., Trafalis T. B., Lakshmanan V., 2009: Support vector machines for 
spatiotemporal tornado prediction. International Journal of General Systems, 38(7), 

759-776 47



Characteristics of SVM

• Advantages
– Effective in high dimensional spaces
– Increased stability (part of the training sample is 

used to build hyperplane)
• Drawbacks
– With the number of features significantly 

exceeding the number of elements, the accuracy 
of the method decreases

48



Logistic regression

The model predicts the probability of an
element falling into one or another class.

! " = 1 % = & ' ,

' = θ*% = θ+%++. . . +θ.%.
& ' = 1

1 + /01

Trafalis T.B., Adrianto I., Richman M.B., Lakshmivarahan S., 2014: Machine-learning 
classifiers for imbalanced tornado data. Computational  Management Science, 11, 403-

418 49



Disadvantages of decision trees

• Too much details
Great amount of details on the training data decreases the
accuracy of constructed tree on testing data.

• Instability
In case of small change in the initial data, the model can
significantly change its structure (other parameters, other
separation thresholds).

• The complexity of the construction
The problem of optimal decision tree construction is NP-hard
problem.
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Random forest

• Standard decision trees are built on the basis 

of groups of features, which are randomly 

selected.

• For classification of the studied element, 

forecasts made by the constructed ensemble 

of classifiers are aggregated in single 

prediction.

Adrianto I., Trafalis T. B., Lakshmanan V., 2009: Support vector machines for spatiotemporal 

tornado prediction. International Journal of General Systems, 38(7), 759-776
51



Rotation forest

• Standard decision trees are built on the basis 
of groups of features, which are randomly 
selected and transformed by principal 
component analysis.

• For classification of the studied element, 
forecasts made by the constructed ensemble 
of classifiers are aggregated in single 
prediction.

Rodriguez J.J., Kuncheva L.I., Alonso C.J., 2006: Rotation forest: a new classifier 
ensemble method. IEEE Trans Pattern Anal Mach Intell, 28(10), 1619-1630 52



Decision tree with parameters mixtures
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