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Optimal control problem

[ oo+ upn(o))de = min, k= fx) + i)
x(0)e BycR", x(T)e Br cR"

u <1

Here x is a state variable, u is a scalar control,

pi: R"=>R, f,: R" > R", i=0,1,

the functions ;, f; are smooth enough,

By, Bt are smooth manifolds.

The admissible controls u(t) need to be measurable,

the admissible trajectories x(t) are assumed to be absolutely
continuous.



Pontryagin's maximum principle
Define the Hamiltonian
H= Ho(X,¢) + UHl(Xaw)a

where Ho(x, 1) = fo(x)¥ — 3¢0(x),
Hi(x, ) = fi(x)y — %gpl(x).

We have the Hamiltonian system

M

X _oH
o0

Y= Ox

and

H(x(t), ¢ (t),u™ (1)) = max H(x(t), ¥ (t),u)

0<u<1



Singular extremal

Since the Hamiltonian H is linear in u, hence to maximize it
over the interval u € [—1,1] we need to use boundary values
depending on the sign of H; = .

The maximum condition yields:

u=+1forH; >0, u=-1for H; <O.

An extremal (x(t),¢(t)), t € (to, t1), is called singular if
Hy (x(t),9(t)) = 0 for t € (to, t).

To find the control on singular extremal (x(t ) 1(t)) one needs
to differentiate the identity H;(x(t),¥(t)) =



Order of a singular extremal

We say that a number g is an order of a singular trajectory iff

0 d*
—_— H = k=20,...,2g—1
aU dtk (1) l(Xvw) 07 07 e 3
0 d
AL (Y 0
Ou di?9] 1, 1(x,¥) #

in some open neighborhood of the singular trajectory

(x(1), ¥(1)).

It is known that for optimal trajectories a singular arc of even
order is joined with a chattering trajectory.

A chattering trajectory is a trajectory with infinite number
of control switchings in a finite time interval.



Fuller problem

Minimize

subject to
s(t)=u(t), -1<u(t)<1

with initial conditions



Optimal feedback control




Optimal Solutions in Fuller Problem

Denote s = v

» The curve
s = —Cv?sgnv

is the optimal switching set of the Fuller Problem. Here
C ~0,444623 .. ..

» Twisting around the origin the optimal trajectories attain
the origin in a finite time and intersect the switching
curve at a countable set of points.

» The optimal control equals 1 from the left-hand side of
the switching curve and equals —1 from the right-hand
side of it.



Optimality conditions for the Fuller problem
H(s,v,¢,¢) = —15 + vo + up = Hy + uH,

Let (s(t), v(t), u(t)) be an optimal solution in the problem
Then there exist continuous functions ¢ (t), (t) such that

g%) = —5257
w = _(89_5:_@57
u=+1for¢py >0 and wu=-1fore¢ <O0.

If » =0 for t € (to, t;) then an extremal

(s(t),v(t),¢(t), (1), te(tt),

is a singular one.



Singular Control

Denote z = (s, v, ¢, 1). We have:

d

Hi(z(8)) =¢(t) =0, —Hi(2(t) =0= —¢(t) =0
d2
FH1 (z(t))=0= —s(t) =0,
d3
ﬁHl (z(t))=0= —v(t) =0,
d4
WHl (z(t))=0= —u(t)=0. (5)

The singular extremal in the Fuller problem s =0, v = 0.



n -link inverted pendulum




n -link inverted pendulum

M is the cart mass, s is the cart position,

g is the acceleration of gravity, u is the force applied to the
cart,

~; is the angle of deviation of the ith link from the vertical line,
m; is the mass of the jth link,

ri is the distance from the lower end of the jth link to its
center of mass,

l; is the moment of inertia with respect to the center of mass
of the ith link,

and [; is the length of the ith link (i =1,...,n).



n -link inverted pendulum. Motion equations

The equations of motion are

n n
. .. . 2 -
ans+ E a1,i+17i COS i — E aii+17i sinvyi = u
=1 i=1

a,i+15 €087 + ajy1,i+17Yi + Z air1175cos(yi + ) —  (6)
j=1

— Z a;+1,j+1’.)/f sin(v,- + ’)/J') - b,' sin Vi = O, | = 1, <o, N
j=1



n -link inverted pendulum.

We assume that the initial state of the system is in a suciently
small neighbourhood of the upper unstable equilibrium position

71:;}/1:"':’%:;%50- (7)

We study the problem of stabilization of the pendulum in the
neighbourhood of position (7) in the sense of minimization of
the quadratic functional

/’yfy ) dt — min, (8)
0



Linearized model. Optimal control problem

/ ) dt — min (9)
0
on the trajectories of the system
X (t) — Ax (t) = lu(t) (10)
with the initial conditions
x(0) =x0, x(0) = y0. (11)
Here, the control u(t) is a bounded scalar function:

ju(t)| <1, (12)



Optimal control problem. Notation

x € R" are phase variables,

| is the vector consisting of 1’s,

K is a constant symmetric positive definite n x n matrix,
A is a constant diagonal positive definite n x n matrix,
/\:diag{)\l,)\g,...,)\n}, )\1,...,)\,, > 0.



Pontryagin Maximum Principle

H( 26, 9) = = (Ko x) + (,0) + (A, 0) + (1 g



Singular solution

dH
(e) = (10 (0) =0, “0 — 1),
d’H d*H
dt21 = _<l7 Kx — A¢>7 dt31 = _</, Ky + A§b>,
d*H,
= UK (k) AR - Ap) = (19)

= —(I,(KA+ AK) x) + (I, %) — u(KI, I



Singular control

S = {{l,#) =0, (I,Kx—A¢) =0,
(I, Ky + Ad) =0, —(I,(KA+ AK)x) + {1, A2) =0}

—(I,(KA+ AK) x (1)) + (I, A% (t))

Upe (t) = -

Here o = (K1, 1).Since |u(t)| < 1 we consider the domain

|—{1.(KA+ AK) x) + (I, %) < o



Hamiltonian system in the singular surface S

)-(k = Yk,

}"k:Aka-i-Cl,(—Z

n
i=1

Z k,-j(/\,' + )\j — (/\1 + )\2))X,-+
j=1

n
i=3

£ (= A — A,-)w,)

Yk = =Pk,

. n

¢k:Ekijj—)\k¢k7 k:37"'>n;
Jj=1

\



singular surface

Optimal solution reaches S in a finite time with an infinite
number of control switchings (chattering regime). Then the
motion proceeds along the singular surface and asymptotically
approaching the origin.




Model problem with two-dimensional control

(o)

/(xf(t) +32(£)) dt — min
0
X| = n, Xy = Yo
yi = ui, Yo =l
Xi(O) = 5,'07 Yi(o) = fioa
P=12

ui+us <1



Optimal Solutions of the Model Problem

» Optimal solutions, starting from a small enough
neigbourhood of the origin, reach zero in finite time Tx
which depends on (x°, y°). Moreover the optimal control
i (t) does not have a limit at t — T — 0.

» There exist optimal solutions of the model problem that
represent logarithmic spirals:

X*(t) _ Blt2eia|n|T*—t\’ y*(t) _ B2teia|n\7'*—t|,

U*(t) — eialn|T*7t|
a=+V5 B = 198 (4+/a)(3+ia),
1 . .
B, = 198 (4+ i) (3+ i) (2+ i)

As t — T* the control u*(t) makes countably many rotations
along the circle S* in finite time, x* (t),y* (t) — 0 and
switches to a singular mode x = y = 0.



Spherical Inverted Pendulum
B C

B : point mass m, S : movable base of mass M
B is attached to a rigid massless rod of length /¢
x1: angle between SB and On(,
x, . angle between SB and O&(C
(&,7m) : position of S, (uy, up): the control forces



Control problem for linearized model

M4+ m 1 ___M+m

ml gXl—WUh Xp = o,

).61:

o0

/(xf(t) + x2(t)) dt — min

).(:ya y:KX—i-U,
x(0) =x°,  y(0) = y°.

Here x, y, wu€R?, Kisa 2 x 2 diagonal matrix,

K= diag{kl, kz}
The control force is bounded:

ui +us <1

88X —

1

Mi



Main results for sperical pendulum

In a sufficiently small neighborhood of the origin there exist
solutions of (10)—(20) that attain the upper equilibrium
position and have the form of logarithmic spirals

x(t) = G(T — )21 + g (T - 1)),
y(t) = G(T — ) 71+ g, (T — 1)),
u(t) = —Cue®" T (1 + g, (T — 1)),

Here 0 < T < oo is a time at which solution hits the origin
(the hitting time), gy, (T —t) > 0ast— T, o >0,
Ceyu€C.
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